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It has been suggested that using a gauge fixing Lagrangian that is not quadratic in a gauge fixing
condition is most appropriate for gauge theories formulated on a hypersphere. We reexamine the
appropriate ghost action that is to be associated with gauge fixing, applying a technique that has
been used for ensuring that the propagator for a massless spin-two field is transverse and traceless.
It is shown that this non-quadratic gauge fixing Lagrangian leads to two pair of complex Fermionic
ghosts and two Bosonic real ghosts.
PACS numbers: 11.15.-q
It has been shown that the classical action for Yang-
Mills theory on an n-dimensional hypersphere [1–5] is
Scl =
∫
dΩ
[
−
1
12
(
F iabc
)2]
, (1)
where dΩ is a surface element of a hypersurface of unit
radius in this n-dimensional Euclidean space with coor-
dinates ηa (a = 1, · · · , n) and
F iabc = LabA
i
c + f
ijkηaA
j
bA
k
c + (cyc. perm.)
(Lab = ηa
∂
∂ηb
− ηb
∂
∂ηa
) (2)
This action is invariant under the two gauge transforma-
tions
δφA
i
a = ηaφ
i(η) (3a)
δθA
i
a = ηpLpaθ
i(η) + f ijkAjaθ
k(η). (3b)
(These transformations are infinitesimal; this is adequate
for our purpose.)
In the path-integral formulation of the generating func-
tional, it has been pointed out [4, 5] that the most con-
venient gauge fixing Lagrangian is
Lgf =
1
2α
[
(Lab + δab)A
i
b
] [
(Lac − (n− 2)δac)A
i
c
]
(4)
The technique used in Ref [5] to derive the ghost ac-
tion associated with this gauge fixing does not seem to
work for standard Yang-Mills theory in Euclidean space
in the Lorenz-Feynman gauge (even though it possesses a
BRST invariance [6]); consequently we are motivated to
reexamine how the ghost contribution to the effective ac-
tion arises when one uses the non-quadratic gauge fixing
Lagrangian of Eq. (4). The approach of Refs. [7, 8] can
be used. (In the two references the transverse-traceless
propagator for a spin-two field and the propagator for a
spontaneously broken gauge theory are considered using
non-quadratic gauge fixing.)
The technique we use is a generalization of ’t Hooft’s
approach [9] to derive the Faddeev-Popov ghost action
[10]. We first insert the following constant factors
det
[
(Lab + δab) ηbδ
ij
]
det
[
(Lab + δab)
(
ηpLpbδ
ij + f ipjApb
)]
×
∫
Dφ1Dθ1δ
[
(Lab + δab)
(
Aib + ηbφ
i
1
+ ηpLpbθ
i
1
+ f ijkAjbθ
k
1
)
− pia
]
(5a)
and
det
[
(Lab − (n− 2)δab) ηbδ
ij
]
det
[
(Lab − (n− 2)δab)
(
ηpLpbδ
ij + f ipjApb
)]
×
∫
Dφ2Dθ2δ
[
(Lab − (n− 2)δab)
(
Aib + ηbφ
i
2
+ ηpLpbθ
i
2
+ f ijkAjbθ
k
2
)
− qia
]
(5b)
into the path integral
Z[J ia] =
∫
DAia exp
{∫
dΩ
[
−
1
12
(
F iabc
)2
+ J iaA
i
a
]}
(6)
We follow this with an insertion of the constant factor
∫
DpiaDq
i
a exp
(
1
2α
∫
dΩpiag
i
a
)
(7)
2into Z[J ]. If now we perform the gauge transformation
Aia → A
i
a − δφ1A
i
a − δθ1A
i
a (8)
in the resulting expression for Z[J ] and then do the in-
tegration over pia and q
i
a, we end up with
Z[J ia] =
∫
DAia
∫
Dφ1Dθ1
∫
DφDθdet
[
(Lab + δab) ηbδ
ij
]
det
[
(Lab − (n− 2)δab) ηbδ
ij
]
× det
[
(Lab + δab)
(
ηpLpbδ
ij + f ipjApb
)]
det
[
(Lab − (n− 2)δab)
(
ηpLpbδ
ij + f ipjApb
)]
× exp
∫
dΩ
[
−
1
12
(
F iabc
)2
+
1
2α
[
(Lab + δab)A
i
b
]
×
[
(Lac − (n− 2)δac)
(
Aic + ηcφ
i + ηpLpcθ
i + f ijkAjcθ
k
)]
+ J iaA
i
a
]
;
(
φi = φi
2
− φi
1
, θi = θi
2
− θi
1
)
. (9)
We have used the fact the the functional determinants in
Eqs. (5a) and (5b) are gauge invariant.
Each of the functional determinants in Eq. (9) can be
exponentiated using the relation
∫
DcaDc¯aexp [c¯aMabcb] = det M, (10)
where ca and c¯a are complex fermionic “ghost” fields.
Consequently there are two pair of complex Fermionic
“ghost” fields arising from the functional determinants
appearing in Eq. (9); in addition there are the Bosonic
“ghost”fields φi and θi. The functional integrals over φ1
and θ1 serve only to rescale the normalization function
for Z[Ja]. The gauge fixing Lagrangian of Eq. (4) has
thus served to complicate the propagator for Aia because
of the nature of these terms that occur in the exponential
appearing in Eq. (9) which are quadratic in the fields Aia,
φi and θi. By a “completing the square” operation, these
quadratic terms can be made diagonal in the fields Aia, θ
i
and φi, thereby retaining the vector propagator of Refs.
[4, 5], though at the expense of having more complicated
interaction terms.
Acknowledgments
F. T. Brandt would like to thank CNPq for finan-
cial support and the hospitality of the Department of
Applied Mathematics of the University of Western On-
tario, Canada. D. G. C. McKeon would like to thank
R. MacLeod for a helpful suggestion, the Instituto de
F´ısica da Universiade de Sa˜o Paulo, for the hospitality,
and FAPESP, Brazil.
[1] P. A. M. Dirac, The Annals of Mathematics 36, pp. 657
(1935), ISSN 0003486X;
[2] S. L. Adler, Phys. Rev. D 6, 3445 (1972); D 8, 2400
(1973).
[3] R. Jackiw and C. Rebbi, Phys. Rev. Lett. 37, 172 (1976).
[4] I. T. Drummond and G. M. Shore, Annals of Physics
117, 89 (1979), ISSN 0003-4916,
[5] G. M. Shore, Annals of Physics 117, 121 (1979), ISSN
0003-4916,
[6] D. G. C. McKeon, Mod. Phys. Lett. A 6, 2201 (1991).
[7] F. T. Brandt, J. Frenkel, and D. G. C. McKeon, Phys.
Rev. D76, 105029 (2007), 0707.2590.
[8] F. T. Brandt and D. G. C. McKeon, Phys. Rev. D79,
087702 (2009), 0903.3173.
[9] G. ’t Hooft, Nucl. Phys. B33, 173 (1971).
[10] L. D. Faddeev and V. N. Popov, Phys. Lett. B25, 29
(1967).
